It was recently shown that an interacting Kitaev topological superconductor model is exactly solvable based on two-step Jordan-Wigner transformations together with one spin rotation. We generalize this model by including the dimerization, which is shown also to be exactly solvable. We analytically determine the topological phase diagram containing seven distinct phases. It is argued that the system is topological when a fermionic many-body Majorana zero-energy edge state emerges. It is intriguing that there are two tetra-critical points, at each of which four distinct phases touch.
Introduction: Majorana fermions were used for the first time in condensed matter physics to exactly solve the two-dimensional Ising model by mapping it to the onedimensional quantum spin model 1 with the use of the JordanWigner transformation 2, 3 . Recently, a renewed interest on Majorana fermions has created one of the most active fields in the context of topological superconductors [4] [5] [6] . They are expected to play a key role in future topological quantum computations 7 . The Kitaev topological superconductor (KTSC) model is a fundamental one which hosts Majorana fermions 8 . It is exactly solvable since it describes free electrons. An interplay between topology and interaction is a fascinating subject. There are several works where electronelectron interaction effects have been investigated [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . It is shown 13, 15, 16 that there is a topological phase transition between a topological superconductor (TSC) state and trivial charge-density wave (CDW) state at a certain interaction strength.
The KTSC model is characterized by the three parameters, i.e., the transfer integral t, the superconducting pairing gap ∆ and the chemical potential µ. The system is topological for |µ| < 2t, while it is trivial for |µ| > 2t. The interacting KTSC model contains an additional electron-electron interaction U . It is exactly solvable under the frustration free condition 23 , i.e., µ = 4 U 2 + tU + (t 2 − ∆ 2 )/4. It is also exactly solvable at the symmetric point 10 ∆ = U = t and µ = 0. Recently, this exact solution is extended for ∆ = t and µ = 0 with an arbitrary U by mapping the system to the KTSC model 24 with the aid of the combination of two-step JordanWigner transformations and one spin rotation. This method is also applicable to the KTSC model with disorders 25 . In this paper, we generalize the interacting KTSC model by including the dimerization with parameter η, |η| ≤ 1. The model is exactly solvable for the case of ∆ = t and µ = 0 with an arbitrary U . We analytically obtain the topological phase diagram in the (U/t)-η plane, which contains seven distinct phases. The topological properties of each phase are determined based on the bulk-edge correspondence. It is argued that the emergence of a fermionic many-body Majorana zeroenergy edge state is a manifestation of the topological nontriviality of the system. We also discuss the duality relation between topological phases.
Hamiltonian: We consider a one-dimensional chain of spinless electrons: See Fig.1 . The tight-binding model for a hybrid system comprised of the Kitaev model 8 and the SuSchrieffer-Heager (SSH) model 26 together with the electronelectron interaction is given by
Illustration of a semi-infinite chain of spinless electrons for various dimerization η. For the case η = −1, the edge site is isolated, leading to the SSH-like zero-energy edge state.
using the rotation operator R = exp −iπ/2 j σ x j , and obtain the XY model with dimerization,
We further make the inverse Jordan-Wigner transformation,
The Hamiltonian turns out to be
(10) This is solved explicitly as follows.
Phase diagram: The system has two sublattices A and B made of the odd and even number sites in the presence of the dimerization. Indeed, the parameters t j , ∆ j and U j in the Hamiltonian (1) are common in each sublattice, i.e., t j = t A(B) , ∆ j = ∆ A(B) and U j = U A(B) for all j belonging to the sublattice A(B). Introducing the four-component oper-
, where A and B denote the odd and even number sites, we express the Hamiltonian H in the Bogoliubov-de Gennes form. We obtain
in the momentum space, with
where
and a is the lattice constant. Diagonalizing this Hamiltonian we obtain the eigenvalues and the eigenfunctions explicitly.
In particular, the eigenvalues are
These gap-closing conditions generate the phase boundaries. There are seven distinct phases as in Fig.2 
(a).
Our next task is to determine the topological properties of each phase. However, we cannot discuss the topological properties of the original system with the use of the Jordan-Wigner transformed operator f j since it is given by a non-local transformation. Note that the topological properties are not conserved by such a transformation 31 . Nevertheless, it is possible to discuss them by examining the edge state 25 based on the bulk-edge correspondence by considering a semi-infinite chain with one edge.
Majorana edge states: First we show that there are two types of edge states. We introduce the Majorana representation λ
, and rewrite the Hamiltonian (10) in the Majorana form,
This is separated into two independent Hamiltonias 25 as H = H I + H II with
where we have defined φ 
The edge is either the A site or the B site, according to which we use the many-body Majorana operator Q A ν or Q B ν . The condition for the convergence of the edge state is given by |α µ ν,j | < 1 for ν = I and II. This is actually the condition for the emergence of the zero-energy edge state in Hamiltonian H ν . For instance, if |α µ I,j | > 1 there is no zero-energy edge state in the Hamiltonian H I . Hence, for each phase of the phase diagram we calculate (24) to decide whether |α µ ν,j | < 1 or not, and determine the number Q ν of the type-ν edge states. We show the results in the phase diagram as in Fig.2(a) .
Topological properties: The Hamiltonian (1) does not conserve the fermion number N = j c † j c j due to the superconducting pairing term but conserves the fermion parity [23] [24] [25] 28, 35 defined by Z According to the bulk-edge correspondence, zero-energy edge states necessarily emerge if the system is topological but the reverse is not true. On one hand, it follows from (24) that the type-I edge state is adiabatically connected to a noninteracting Majorana zero-energy state as U → 0, where it is shown to be topological based on the well-defined topological argument. On the other hand, since the type-II edge state disappears except for the η = −1 case, it is connected to a trivial state as U → 0. It is bosonic, as we have mentioned. Consequently, the system with the type-I edge state is topological, while that with the type-II edge state is trivial 28 . TSC, CDW and CAT phases: We have found seven distinct phases. We investigate their topological and ground-state properties more in details. First, we focus on the three phases along the η = 0 line in Fig.2(a) . They are already known 24 and named the topological-superconductor (TSC), chargedensity-wave (CDW) and Schrödinger-cat (CAT) phases. The Schrödinger-cat state is a superposition of two superconducting states with different occupation numbers 24 . These groundstate properties are extended into the two-dimensional regions as in Fig.2(a) for η = 0, and hence we use the same names also for the two-dimensional phases. We note that the points (U/t, η) = (±1, 0) are tetra-critical points at which four distinct phases touch. It has been shown [13] [14] [15] [16] 24 that the TSC phase is topological while the CDW and CAT phases are trivial, which are consistent with the present results.
Dimer state: There are four phases which are absent for η = 0. We name them as the single-electron-dimer (SED) phases, and the superconducting-dimer (SCD) phases by the ground-state properties. Their ground-state properties and topological properties are made manifest in the strong dimerization limit η = ±1.
For η = 1 the system is separated into independent dimers as in Fig.1(a) . The Hamiltonian (1) reads H = j H 2j−1,2j ,
(|00 ± |11 ). The odd subspace is composed of the following two states,
corresponding to two one-electron states occupying the first site or the second site. The Hamiltonian in the basis of {|10 , |01 } is given by
which yields the energy dispersion E odd ± = −U ∓ t with the eigenfunction ψ
(± |10 + |01 ). We may derive the following results. On one hand, when the interaction is repulsive (U > 0), the ground state is a symmetric single electron hopping state ψ
with the energy E odd + = −U − t. It is reasonable to call it the SED state. On the other hand, when the interaction is attractive (U < 0), it is a symmetric superconducting state ψ
(|00 + |11 ) with the energy E even + = U − ∆. Since the state contains a pair of electrons, it is reasonable to call it the SCD state. Since there exist no zero-energy states, the system is topologically trivial.
For η = −1 the semi-infinite chain system is separated into independent dimers and an extra single site at the edge, as in Fig.1(e) . The analysis of the dimer parts is precisely the same as in the limit η = 1. The single electron at the edge plays a key role, since its energy is zero in the absence of the chemical potential (µ = 0). There exist two zero-energy states; the state |0 = |vac is bosonic, while the state |1 = c † 1 |vac is fermionic. The emergence of the fermionic zeroenergy state is a manifestation of the topological nontriviality of the system. These basic properties remain almost as they are for η = ±1. At least in the region near η = ±1, the ground state is a linear superposition of individual dimers [ Fig.1(b) and (d) ]. There are trivial dimer phases for η > 0, while there are topological dimer phases for η < 0, which is differentiated by the emergence of the zero-energy edge state, as shown in Fig.2(c) -(e). We find there is no zero-energy state for η > 0, while there are two zero-energy states per one edge for η < 0, which are the type-I and the type-II edge states. In the topological phase, there is an unpaired site at the edge of a semiinfinite chain [ Fig.1(d) and (e) ], which results in the zeroenergy edge states. We note that the topological and trivial phases alter once we take a half-shifted unit cell, which is a reminiscence of the SSH model 26 .
Duality: The system has several duality relations 1, 36 . The system (10) with η = 0 is self-dual 24 for U = t. We generalize it to the case that η = 0. The Hamiltonian (17) is invariant under the duality transformation, t ↔ U and λ A j ↔ λ B j . For η = 0, there is only one transition point for U/t > 0, where the self-duality determines the transition point 24 as U = t. For η = 0, there are two transition points at η = ± (t − U ) / (t + U ) corresponding to (16) , which are exchanged by the duality transformation.
The Hamiltonian is invariant also under the duality transformation, t ↔ −U and λ
, for which a similar argument follows. For η = 0, there is only one transition point for U/t < 0, where the self-duality determines the transition point as U = −t. For η = 0, there are two transition points at η = ± (t + U ) / (t − U ) corresponding to (16) , which are exchanged by the duality transformation.
Finally, the Hamiltonian is invariant also under the duality transformation, U ↔ −U and λ B j ↔ (−1) j λ B j . For η = ±1, there are two transition points, U/t = (1 ± η) / (1 ∓ η) and − (1 ± η) / (1 ∓ η) corresponding to (16) , which are exchanged by the duality transformation (the upper signs for µ > 0 and the lower signs for µ < 0). For η = ±1, there is only one transition point at U/t = 0, where the system is self-dual.
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Note added: After submission of the manuscript, a closely related paper 37 was uploaded in cond-mat/arXiv, where an exact solution on a similar interacting dimerized topological superconductor is obtained by using the same method. There is a difference between the two models that the interaction U is not dimerized in the above paper. Their results are consistent with ours.
